Introduction
Let M n be a closed connected C 1 manifold and let SM be its unit tangent bundle, de ned as usual as SM = f = (x; v) : x 2 M; v 2 T x M; jjvjj = 1g. The geodesic ow ' t : SM ! SM is de ned by ' t (x; v) = ( (t); _ (t)), where : R ! M is the geodesic with initial conditions (0) = x and _ (0) = v.
Given x and y in M, de ne n T (x; y) as the number of geodesics of length T (parametrized by arc length) joining x and y. A standard application of Sard's Theorem to the exponential maps of M shows that n T (x; y) is nite and locally constant on an open full measure subset of M M.
Our aim is to relate the exponential growth rate of n T (x; y), as a function of T, with the topological entropy of the geodesic ow h top (').
In that direction, among other results, we shall prove that h top (') = lim While proving this result, we shall also prove that Przytycki's upper estimate for the topological entropy of general C 2 ows 8], is always an equality for C 1 geodesic ows. Since Przytycki's inequality will be a key tool in our proofs we begin by recalling its statement. Given a where the maximum is taken over all subspaces S E. Przytycki The main result of this paper is Theorem 1.1 below. Half of its proof relies on a combination of Yomdin's theorem 9] and a formula due to Berger and Bott 2] that, although not di cult to prove, provides the link between the numbers n T (x; y) and the dynamics of the geodesic ow. We took this combination from 6], but for our purposes an improved version of Yomdin's theorem will be needed. The other half relies on Przytycki's inequality, Berger and Bott's formula, and a careful change of variables, where the novelty of this work resides. When the manifold has no conjugate points, it is easy to check, using the fact that the exponential map exp x thus completing the proof of the corollary.
In the next statement, V ( ) will denote the vertical bre at = (x; v) 2 SM, de ned by
where is the projection map : SM ! M. Theorem 1.4.
The second equality is trivial because 
for all 0 t T. T log n T (x; y) = h top (')?
Since an a rmative answer to this problem may sound too good to be true, a humbler, and more feasible question is the following one:
Problem II. Is it true that (0.1) holds for generic Riemannian metrics when dim M = 2? Remark 1.7. Theorem 1.1 above was announced, and its proof sketched, in a preprint of the author circulated in January 93. The proof that we shall use here is essentially shorter than that outlined there.
The proof of Theorem 1.1 relies on three inequalities. Two of them (inequalities (A) and (A 0 ) below) are where the novelty of this paper resides. The other inequality (inequality (B) below) is a variation of an inequality due to G. Paternain 6] , which in turn comes from Yomdin's theorem 9]. One way to prove this inequality is to combine G. Paternain's method with a certain uniformity in Yomdin's theorem, visible in Gromov's exposition of this celebrated result in the Bourbaki Seminaire 4]. Such was the method employed in our announcement. Afterwards, G. Paternain and M. Paternain 7] proved that inequality using directly Yomdin's theorem without having to appeal to the uniformity mentioned above.
Proof of Theorem 1.1
We begin by recalling the basic formalism of geodesic ows, stressing its symplectic properties, which will play a key role in our proofs. Given = (x; v) 2 SM de ne E( ) = fw 2 T x M : hw; vi = 0g: Denote by : SM ! M the canonical projection and set
If X is the geodesic vector eld on SM (i.e., the vector eld generated by the geodesic ow), then T SM is the direct sum of N( ) and the onedimensional subspace spanned by X( ). Moreover, N is ' t -invariant, To prove property (b), observe rst that
because O t ( ) is an isometry. Notice also that L t ( ) leaves R t ( ) and R ? t ( ) invariant, because both of these spaces are spanned by the eigenvectors of L t ( ). Hence L t ( ) commutes with the orthogonal projection P : N( ) ! R t ( ), i.e., L t ( ) P = P L t ( ). Let us suppose that S \ R ? t ( ) = f0g, otherwise there is nothing to prove. Then P(S) = R t ( ) and thus
Finally we show the measurability of R t ( ) as a function of t and .
Let F denote the vector bundle over SM consisting of pairs ( ; g), in which 2 SM and g : N( ) ! N( ) is a symmetric linear map. Given positive integers p and l i , 1 i p, let F(p; l 1 ; :::l p ) be the set of pairs ( ; g) 2 F, where g has p eigenvalues 1 < < p with multiplicities l 1 ; :::; l p . Then F(p; l 1 ; :::l p ) is a Borel set (check it) and so is the subset P(p; l 1 ; :::; l p ) of SM R de ned by f( ; t) : L t ( ) 2 F(p; l 1 ; :::; l p )g. Now observe that R t ( ) can be chosen to be continuous on each set P(p; l 1 ; :::; l p ). Since these sets are Borel and there are nitely many of them, the measurability is proved. We shall prove rst the existence of 1 and 2 . The measurability will be discussed after that. We shall use the following well known property of the vertical subbundle: if 2 SM and S N( ) is a Lagrangian subspace, then the set of values s 2 R such that d ' s (S) \ V (' s ( )) 6 = f0g
is discrete.
We begin by proving the existence of 1 The measurability follows easily from observing that they can be taken locally constant on each of the subsets P(p; l 1 ; :::; l p ), which we de ned while proving Lemma 2.2. This nishes the proof of Inequalities (A) and (A 0 ). Now let us prove Inequality (B). We shall use a slightly strengthened version of Yomdin's theorem combined with the method employed by G. Paternain 6] The next result is the slight improvement of Yomdin's theorem that we shall need. For simplicity, we shall state it and prove it for the case of di eomorphisms; however we shall use it for ows. where C = kdfk lk . This completes the proof of the theorem.
